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Abstract
An n-bicirculant is a graph having an automorphism with two orbits of length n and no other orbits.
This article deals with strongly regular bicirculants. It is known that for a nontrivial strongly regular n-
bicirculant, n odd, there exists a positive integer m such that n = 2m2 + 2m + 1. Only three nontrivial
examples have been known previously, namely, for m = 1, 2 and 4. Case m = 1 gives rise to the Petersen
graph and its complement, while the graphs arising from casesm = 2 andm = 4 are associated with certain
Steiner systems. Similarly, if n is even, then n = 2m2 for some m ≥ 2. Apart from a pair of complementary
strongly regular 8-bicirculants, no other example seems to be known.
A necessary condition for the existence of a strongly regular vertex-transitive p-bicirculant, p a prime,
is obtained here. In addition, three new strongly regular bicirculants having 50, 82 and 122 vertices
corresponding, respectively, to m = 3, 4 and 5 above, are presented. These graphs are not associated with
any Steiner system, and together with their complements form the first known pairs of complementary
strongly regular bicirculants which are vertex-transitive but not edge-transitive.
c© 2005 Elsevier Ltd. All rights reserved.
1. Introductory remarks
Throughout this article groups are finite, and graphs are finite, simple and undirected, and
unless specified otherwise, connected. For the graph- and group-theoretic concepts not defined
here we refer the reader to [4,8,11,14,23]. Let Zn , n ≥ 2, denote the ring of residue classes
modulo n, and let Z#n and Z∗n be the group of all nonzero elements and the set of all invertible
elements of Zn , respectively. Further, for a subset A ⊆ Zn we let A# = A \ {0}, A = Zn \ A and
Â = Z#n \ A. By p we shall always denote a prime number.
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Let m ≥ 1 and n ≥ 2 be integers. An automorphism of a graph is called (m, n)-semiregular
if it has m orbits of length n and no other orbit. An n-circulant is a graph having a (1, n)-
semiregular automorphism (that is, it is a Cayley graph of a cyclic group of order n). An n-
bicirculant is a graph with a (2, n)-semiregular automorphism. Every n-bicirculant X can be
represented by a triple of subsets of Zn in the following way. Let ρ be a (2, n)-semiregular
automorphism of X , let U and W be the two orbits of ρ, and let u ∈ U and w ∈ W .
Let S = {s ∈ Z#n : u ∼ ρs(u)} be the symbol of the n-circulant induced on U and,
similarly, let R be the symbol of the n-circulant induced on W (relative to ρ). Moreover, let
T = {t ∈ Zn : u ∼ ρt (w)}. The ordered triple [S, R, T ] is the symbol of X relative to (ρ, u, w).
Note that S = −S and R = −R are symmetric, that is, inverse-closed subsets of Z#n and are
independent of the particular choice of vertices u and w.
Unlike with circulants and more generally with the class of Cayley graphs of abelian groups,
where the automorphism problem has been extensively studied [1,15,16,22], not much is known
about similar questions regarding bicirculants. This class contains many families of graphs which
have been objects of interest for many years, such as the generalized Petersen graphs. The
fact that these graphs are bicirculants was essential in determining their automorphism groups
(see [12,19]). Further examples of bicirculants are provided, say, by Cayley graphs of dihedral
groups. Symmetry properties of these graphs have been a focus of interest due to a number
of open problems in graph theory: the famous Lova´sz hamiltonicity problem in vertex-transitive
graphs [18] (for example, it is still not known whether every Cayley graph of a dihedral group has
a Hamilton cycle or not), and the long-term program of classifying 2-arc-transitive graphs [21],
to mention just two of them. In all of these problems, the fact that Cayley graphs of dihedral
groups are special examples of bicirculants has played a crucial role. We note that Cayley graphs
of dihedral groups have symbols of the form [S, S, T ].
Another interesting problem regarding n-bicirculants that has received some attention is the
strong regularity question. A regular graph X with v vertices and of valency k is (v, k, λ, µ)-
strongly regular if each pair of adjacent vertices has λ common neighbors and each pair of
nonadjacent vertices has µ common neighbors. It is easily seen that the complement of a strongly
regular graph is also strongly regular (but may have different symmetry properties as will become
apparent later on). A strongly regular graph X is trivial if either X or its complement X¯ is
disconnected. Note that X is disconnected if and only if µ = 0, in which case X is a disjoint
union of isomorphic copies of complete graphs. (In this article all strongly regular graphs are
assumed to be nontrivial.)
As opposed to the classification of strongly regular circulants, which was completed by
Bridges and Mena (see [7]), the problem of classifying strongly regular bicirculants is still open.
In fact, our knowledge of strongly regular bicirculants is quite limited as there are only three
articles explicitly dealing with this particular subject.
In [20] the second author initiated this topic of research by giving necessary arithmetic
conditions for the existence of strongly regular p-bicirculants, where p is a prime. For
example, p must be of the form p = 2m2 + 2m + 1 for some positive integer m, and
µ = λ + 1 equals m2 or (m + 1)2 depending on which of the two complementary graphs
the parameters correspond to. Moreover, it was also shown there that in a corresponding
symbol [S, R, T ] the sets S and R are complements of each other (R = Ŝ). In addition,
|S| = (n − 1)/2 = m(m + 1) and |T | is either m2 or (m + 1)2, depending on which of the two
complementary graphs the symbol [S, Ŝ, T ] corresponds to. In addition to the obvious example
of the Petersen graph (m = 1), a nontrivial strongly regular 13-bicirculant (m = 2) was also given
there.
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In [10] de Resmini and Jungnickel considered strong regularity of bi-Cayley graphs (called
semi-Cayley there) arising from abelian groups. (A graph is bi-Cayley if it admits a semiregular
subgroup of automorphisms having two orbits on vertices.) In particular, they generalized the
above results to strongly regular n-bicirculants, where n is an odd integer, by showing that such a
graph (the one of the two complementary graphs with smaller valency) is (4m2+4m+2, 2m2+
m,m2 − 1,m2)-strongly regular. Furthermore, they mentioned the existence of a nontrivial
strongly regular 41-bicirculant (m = 4), associated with a particular cyclic (41, 5, 1)-difference
family with two base blocks (see [3, p.309]). This difference family gives rise to a Steiner system
S(2, 5, 41). By a result of Bose [5] (see also [9, Proposition 5.2]), the line graph of any Steiner
system is strongly regular. Also, since the above cyclic difference family has two base blocks the
graph obtained is a bicirculant (see [10, Proposition 6.5]). (We remark that, in the case of strongly
regular n-bicirculants, the triple [S, R, T ] is a special case (for a cyclic group) of what de Resmini
and Jungnickel refer to as a partial difference triple over a group [10].) A further investigation of
strongly regular bi-Cayley graphs is due to Leung andMa [17] who obtained necessary arithmetic
conditions for the existence of strongly regular n-bicirculants, n even. In particular n = 2m2.
Moreover, they gave an example of a (16, 6, 2, 2)-strongly regular 8-bicirculant.
In this article we continue the investigation of strongly regular bicirculants. In Section 2,
combining together the above-mentioned results and a result regarding the symbols and the
automorphism groups of p-bicirculants from [13], we obtain more detailed information about
the symbols and the automorphism groups in the case of vertex-transitive p-bicirculants (see
Proposition 2.1 and Theorem 2.4). Using these two results, explicit constructions (in terms of
their symbols) of three previously unknown complementary pairs of nontrivial strongly regular
n-bicirculants for n = 25, 41, 61 are given in Section 3.
2. Vertex-transitive strongly regular bicirculants
Let X be an n-bicirculant with a (2, n)-semiregular automorphism ρ having orbits U and W ,
and let [S, R, T ] be the symbol of X relative to the triple (ρ, u, w), where u ∈ U and w ∈ W .
Observe that the cardinality of the set of common neighbors of vertices ρl(u) and ρl+ j (u) equals
|S ∩ (S + j)| + |T ∩ (T + j)|; similarly, the cardinality of the set of common neighbors of
vertices ρl(w) and ρl+ j (w) equals |R ∩ (R + j)| + |−T ∩ (−T + j)|, and the cardinality of the
set of common neighbors of vertices ρl(u) and ρl+ j (w) equals |S ∩ (−T + j)| + |T ∩ (R+ j)|.
Consequently X is (2n, k, λ, µ)-strongly regular if and only if the following three conditions
hold:
|S ∩ (S + j)| + |T ∩ (T + j)| =
{
λ : j ∈ S
µ : j ∈ Ŝ, (1)
|R ∩ (R + j)| + |−T ∩ (−T + j)| =
{
λ : j ∈ R
µ : j ∈ R̂, (2)
|S ∩ (−T + j)| + |T ∩ (R + j)| =
{
λ : j ∈ T
µ : j 6∈ T . (3)
In the proposition below some necessary conditions for an n-bicirculant to be strongly regu-
lar are given, putting further restrictions on the sets S, R and T . Parts (i) and (ii) were proved
in [20, Theorem 2.1] for the case when n is a prime, and later on generalized in [10, Theorem
4.1] for, among other cases, that when n is odd. (A similar result for the case when n is even is
given in [17].) As for part (iii), we shall see that it is a rather straightforward consequence of [2,
Lemma 2.2].
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Proposition 2.1. Let X be a nontrivial (v, k, λ, µ)-strongly regular n-bicirculant, where n is an
odd integer, and let [S, R, T ] be a symbol arising from a (2, n)-semiregular automorphism ρ of
X. Then the following hold.
(i) R = Ŝ with |R| = |S| = n−12 and |T | = µ = λ+ 1.
(ii) There exists a positive integer m such that v = 2n = 4m2 + 4m + 2, and µ is equal either
to m2 when k = m(2m + 1), or to (m + 1)2 when k = (m + 1)(2m + 1).
(iii) If T = −T is symmetric, then S coincides either with (2S ∩ 2T ) ∪ (2̂S ∩ 2̂T ) or with
(2̂S ∩ 2T ) ∪ (2S ∩ 2̂T ).
Proof. As mentioned above, parts (i) and (ii) were dealt with in [20] and [10]. To prove part (iii),
note that it follows as a direct consequence of [2, Lemma 2.2] that, given a symmetric subset
A = −A of Zn and arbitrary j ∈ Z#n , the parity of the cardinality of the intersection A ∩ (A+ j)
depends solely on whether or not j belongs to the set 2A = {2a : a ∈ A}. More precisely, we
have that
|A ∩ (A + j)| ≡
{
0 (mod 2) : j ∈ 2̂A
1 (mod 2) : j ∈ 2A. (4)
Note that in view of (i), λ and µ are of different parity. Combining together (1) and (4), it follows
that for λ even, S coincides with (2S ∩ 2T ) ∪ (2̂S ∩ 2̂T ), while for λ odd, S coincides with
(2̂S ∩ 2T ) ∪ (2S ∩ 2̂T ). 
When using Proposition 2.1 to determine whether a given n-bicirculant, n odd, is strongly
regular, one only needs to check that condition (1) is satisfied, as we now show.
Proposition 2.2. Let n be odd and let X be an n-bicirculant with symbol [S, R, T ], where
R = Ŝ and |R| = |S| = n−12 . Then X is strongly regular if and only if condition (1) holds
for µ = λ+ 1 = |T |.
Proof. In view of Proposition 2.1 it suffices to see that condition (1) implies that conditions (2)
and (3) hold as well. By assumption, R = Ŝ and so
|Z#n ∩ (S + j)| = |S ∩ (S + j)| + |R ∩ (S + j)| =
{|S| : j 6∈ S
|S| − 1 : j ∈ S, (5)
|Z#n ∩ (R + j)| = |S ∩ (R + j)| + |R ∩ (R + j)| =
{|R| : j 6∈ R
|R| − 1 : j ∈ R. (6)
Moreover, since S and R are symmetric it clearly follows that |S ∩ (R + j)| = |(S + j) ∩ R|.
Hence using the fact that |S| = |R| and subtracting (5) from (6) we get that for every j 6= 0
|R ∩ (R + j)| − |S ∩ (S + j)| =
{
1 : j ∈ S
−1 : j ∈ R.
Thus in view of |−T ∩ (−T + j)| = |(T + j) ∩ T |, condition (2) is satisfied. Finally, since
|S∩(−T + j)| = |− S∩(T − j)| = |(S+ j)∩T |, we have that |S∩(−T + j)|+|T ∩(R+ j)| =
|T ∩ (Z#n + j)|, and hence (3) follows from the fact that |T | = µ = λ+ 1. 
In the case when n = p is a prime number and X is vertex-transitive, more detailed
information (see Theorem 2.4) can be obtained using the following result which is extracted
from [13, Theorem 2.2]. We use the following notation. Given a subset A ⊆ Zp, let HA denote
the largest subgroup of Z∗p fixing A setwise (equivalently,HA is the largest subgroup of Z∗p such
that A# is a union of cosets ofHA).
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Proposition 2.3. Let X be a p-bicirculant, p a prime, and let ρ be a corresponding (2, p)-
semiregular automorphism with orbits U and W. If X is vertex-transitive, then one of the
following occurs.
(i) p = 5 and X or its complement is isomorphic to the Petersen graph whose symbol is
[{±1}, {±2}, {0}].
(ii) There exists a symmetric subset S of Z#p and a subset T of Zp such that [S, S, T ] is a
symbol of X.
(iii) There exist u ∈ U, w ∈ W and a divisor d of p − 1 such that the symbol of X relative
to the triple (ρ, u, w) is of the form [S, aS, T ] where S = −S ⊆ Z#p, T 6= S is a proper
nonempty subset of Zp, and a ∈ Z∗p is an element of order 2d such that a2 generates the
intersection HS ∩HT . Further, Aut X = 〈ρ, σ 〉 ∼= Zp o Z2d , where σ maps according to
the rule σ(ui ) = wai , σ(wi ) = uai , i ∈ Zp, with ui = ρi (u) and wi = ρi (w), i ∈ Zp.
Finally, if a 6∈ HS then a ∈ HT , the order of a and thus that of HT is divisible by 4, and
T = −T is symmetric.
Theorem 2.4. Let X be a nontrivial strongly regular vertex-transitive p-bicirculant, p a prime,
with a (2, p)-semiregular automorphism ρ having orbits U and W. If p = 5, then X or its
complement is the Petersen graph. If p > 5, then the following hold.
(i) There are u ∈ U and w ∈ W and symmetric subsets S = −S ⊆ Z#p and T = −T ⊆ Zp
such that the triple (ρ, u, w) gives rise to the symbol [S, Ŝ, T ].
(ii) There exists a ∈ Z∗p of order 2d, where d is an even divisor of p − 1, such that HS = 〈a2〉
is an index 2 subgroup of HT = 〈a〉.
(iii) {U,W } is a complete block system for Aut X = 〈ρ, ω〉 ∼= Zp o Z2d , where ω maps
according to the rule ω(u j ) = waj , ω(w j ) = uaj , j ∈ Zp, with u j = ρ j (u) and
w j = ρ j (w), j ∈ Zp.
(iv) d divides m when m is even, and d divides m+ 1 when m is odd (where p = 2m2+ 2m+ 1,
by Proposition 2.1).
Proof. Letting X have smaller valency than its complement, we have by Proposition 2.1 that the
strong regularity parameters of X are k = m(2m + 1), λ = m2 − 1 and µ = m2. If p = 5, then
clearly X is isomorphic to the Petersen graph.
Suppose now that p > 5. Let a be as in part (iii) of Proposition 2.3. By Proposition 2.1
we have R = Ŝ. Therefore a 6∈ HS , and by part (iii) of Proposition 2.3 we have T = −T ,
proving (i).
Further, a ∈ HT and a2 generates HS ∩HT . To see that HS = 〈a2〉 and that HT = 〈a〉 we
apply the same approach as in [20] based on the use of the discrete Fourier transform. First, let
u j = ρ j (u) and w j = ρ j (w), j ∈ Zp. Since the number of common neighbors of a pair of
vertices u0 and u j is |N (u0) ∩ N (u j )| = |S ∩ (S + j)| + |T ∩ (T + j)|, the strong regularity of
X gives us
|S ∩ (S + j)| + |T ∩ (T + j)| =

λ : j ∈ S
µ : j ∈ Ŝ
k : j = 0.
(7)
Since S and T are symmetric, we may translate (7) into the following functional equation:
χS ∗ χS + χT ∗ χT = λχS + µχŜ + kχ{0}, (8)
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where χA denotes the characteristic function of a subset A ⊆ Zp, and ∗ denotes the convolution
of functions. Let ξ = e2pi i/p be the primitive p-th root of unity over the rationals Q. Applying
the discrete Fourier transform (which converts convolutions to products) to (8) we get, for each
j ∈ Zp,(∑
x∈S
ξ j x
)2
+
(∑
x∈T
ξ j x
)2
= λ
∑
x∈S
ξ j x + µ
∑
x∈Ŝ
ξ j x + k. (9)
SettingA =∑x∈A ξ x for each subset A ofZp, plugging the value j = 1 into (9), and rearranging
the terms, we get
S2 + S+ T2 = m(m + 1) = (p − 1)/2. (10)
Now let b ∈ HS , and consider the p-bicirculant with symbol [S, Ŝ, bT ] which is clearly
isomorphic to X , and has therefore the same strong regularity parameters as X . Setting T ′ = bT ,
the above Eq. (10) gives us S2 + S + T′2 = m(m + 1). Hence T′2 = T2 and so either T′ = T
or T′ = −T. In both cases ξ would be a root of a monic polynomial f (x) ∈ Q[x] of degree
at most p − 1 and different from the cyclotomic polynomial 1 + x + · · · + x p−1. But since the
cyclotomic polynomial is the minimal polynomial for ξ over Q, it follows that f ≡ 0, forcing
T ′ = T or T ′ = T . But the latter is impossible. So T = T ′ = bT . Since b ∈ HS was arbitrary,
we have HS ≤ HT . In particular HS = HS ∩ HT = 〈a2〉. Moreover, since a ∈ HT , we have
that [HT : HS] ≥ 2.
To see that HS is of index 2 in HT and that consequently HT = 〈a〉, we take an arbitrary
b ∈ HT and show that its square belongs to HS . Consider now the strongly regular graph with
symbol [bS, bŜ, T ] (which is isomorphic to X ). Setting S′ = bS, the above Eq. (10) gives us
S′2 + S′ + T2 = m(m + 1), and therefore S′2 + S′ = S2 + S, forcing either S′ = S or S′ = Ŝ.
An argument similar to that above shows that either S′ = S or S′ = Ŝ. But in both cases we get
b2 ∈ HS . Hence [HT : HS] ≤ 2, implying [HT : HS] = 2. This completes the proof of part (ii).
Part (iii) is clearly a direct consequence of part (iii) of Proposition 2.3.
To prove part (iv), observe that since HS is a subgroup of HT , it follows that both T # and
T̂ are unions of cosets of HS . Hence either m2 and m(m + 1), when m is even, or m2 − 1 and
m(m + 1), when m is odd, are divisible by d . In the first case m = m(m + 1) − m2 is divisible
by d , and in the second case m + 1 = m(m + 1)− (m2 − 1) is divisible by d, as required. 
3. Constructing strongly regular bicirculants
In all of the constructions of strongly regular bicirculants presented in this section it is
tacitly assumed that their valencies are smaller than the valencies of their complements. As
mentioned in the introductory section, examples of non-complementary nontrivial strongly
regular n-bicirculants are already known to exist for n = 5, 8, 13, 41. The corresponding symbols
[S, R, T ] are given in Table 1 and are easily obtained in the first three cases. In the case n = 41,
however, one has to rely on two facts. First, by [5], the line graph of any Steiner system (that is,
the graph whose vertices are the blocks, two vertices being adjacent precisely when they intersect
in a point) is strongly regular. Second, as noted by de Resmini and Jungnickel [10], the line graph
of the Steiner system S(2, 5, 41) arising from the cyclic (41, 5, 1)-difference family with base
blocks A = {0, 7, 10, 11, 23} and 2A = {0, 5, 14, 20, 22} (see [3]), is a bicirculant. The symbol
[S, Ŝ, T ] in Table 1 corresponds to its complement.
The Petersen graph (n = 5) is clearly vertex-transitive and the same may be easily seen for
the strongly regular 8-bicirculant given by Leung and Ma. However, the (26, 10, 3, 4)-strongly
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Table 1
Known strongly regular n-bicirculants, their symbols, and vertex- and edge-transitivity
n S R T Is VT Is ET
5 {±1} Ŝ {0} Yes Yes
8 {±1} {±3} {0,±1, 4} Yes Yes/Noa
13 {±1,±3,±4} Ŝ {0, 1, 3, 9} No No
25 {±1,±2,±4,±6,±9,±10} Ŝ {0,±1,±2,±7,±11} Yes No
41 {±1,±4,±6,±10,±14,±15,
±16,±17,±18,±19}
Ŝ {0,±1,±4,±10, 11, 12,±16,
±18, 28, 34, 38}
No No
41 {±1,±6,±8,±9,±10,±12,
±13,±15,±16,±20}
Ŝ {±1,±3,±4,±5,±9,
±12,±14,±15}
Yes No
61 {±1,±2,±4,±6,±7,±8,±10,±13,
±18,±19,±20,±23,±25,±28,±29}
Ŝ {0,±1,±2,±4,±10,±11,±12,
±15,±17,±18,±19,±22,±26}
Yes No
a The graph with smaller valency is edge-transitive, but its complement is not.
regular 13-bicirculant which is isomorphic to the complement of the line graph associated with
the Steiner system S(2, 3, 13) arising from the cyclic (13, 3, 1)-difference family with base
blocks A = {1, 3, 9} and 2A = {2, 5, 6} is not vertex-transitive. In fact, using Proposition 2.1
and Theorem 2.4 we now show that no nontrivial vertex-transitive strongly regular 13-bicirculant
exists.
Proposition 3.1. A vertex-transitive strongly regular 13-bicirculant is necessarily trivial.
Proof. Suppose on the contrary that X is a nontrivial vertex-transitive strongly regular 13-
bicirculant. With no loss of generality we can assume that X is of smaller valency. By
Theorem 2.4(ii), there exists a symbol of X of the form [S, Ŝ, T ], where T = −T and |HT |
is divisible by 4. Moreover, |S| = 6, |T | = 4 = µ = λ + 1. Since T can be written as a union
of cosets of HT we see that |HT | = 4. Therefore HT = {±1,±5}. Clearly we can assume that
T = HT and that 1 ∈ S (since T = −T ). Thus S = {±1,±a,±b} where 2 ≤ a < b ≤ 6.
Since |T ∩ (T + 1)| = 0 and 1 ∈ S, it follows from (7) that |S ∩ (S + 1)| = 3. Clearly
1 < a < b < −b < −a < −1 and thus 2 < a + 1 < b + 1 < −b + 1 < −a + 1 < 0 = 13.
(Recall that −x denotes the element 13− x of Z13.) If a > 2, then clearly 1, a,−1 6∈ S + 1 and
0, 2,−a + 1 6∈ S. In view of |S ∩ (S + 1)| = 3 we must have b = a + 1 and −b = b+ 1, giving
us b = 6 and a = 5. So S = {±1,±5,±6}. But then |S ∩ (S + 3)| = 1, which is impossible
since |T ∩ (T + 3)| = 1. It follows that a = 2. An argument similar to that above shows that,
in view of |S ∩ (S + 1)| = 3, we must have b = 6. Now we get S = {±1,±2,±6}. But then
|S∩ (S+3)| = 2, which is again impossible since 3 6∈ S. This contradiction proves the statement
of the proposition. 
As for the uniqueness of the above-mentioned strongly regular 13-bicirculant, a computer
search appears to be the only way to resolve this question. Using MAGMA [6] we found that this
graph is, up to isomorphism and taking complements, indeed the only nontrivial strongly regular
13-bicirculant.
The above-mentioned strongly regular 41-bicirculant, say X , with symbol given in row
5 of Table 1 is also not vertex-transitive. That is, it can be seen that HS = 〈4〉 =
{±1,±4,±10,±16,±18} and HT = 〈10〉 = {1, 10, 16, 18, 37}. If X was vertex-transitive,
then in view of Theorem 2.4 one may deduce that there exists i ∈ Z#p such that X has a symbol
of the form [S, Ŝ, T + i] and d = |HS| divides m = 4, a contradiction since |HS| = 10. Hence
X is not vertex-transitive.
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This leads us to a natural question: does there exist a (nontrivial) vertex-transitive strongly
regular 41-bicirculant? Our approach is based on Theorem 2.4. Suppose that such a graph exists.
Then parts (ii) and (iv) of Theorem 2.4 together imply that d = |HS| is either 2 or 4, and hence
|HT | is either 4 or 8.
Consider the possibility |HT | = 8 (which would give us the largest automorphism group,
namely that of order 23 · 41). ThenHT = 〈3〉 = {±1,±3,±9,±14} andHS = 〈9〉 = {±1,±9}.
Since by Proposition 2.1 we have that |T | = 16 and |S| = 20, the subset T is a union of two
cosets of HT while S is a union of five cosets of HS . With no loss of generality we can assume
that one of the two cosets ofHT in T isHT itself, and that, similarly,HS is contained in S. This
gives us a total of four possibilities for T .
As regards S, we choose to consider those candidates which contain precisely one coset of
HS for each of the five cosets of HT , so as to have both S and Ŝ as evenly distributed among T
and T̂ as possible (speculating that the vertex-transitivity of the graph would have to be reflected
in some sort of symmetry of its symbol). This gives a total of 4 · 24 = 64 cases to be checked.
The sets
T = HT ∪ 12HT and S = HS ∪ 10HS ∪ 12HS ∪ 13HS ∪ 20HS
do give rise to a vertex-transitive strongly regular 41-bicirculant, call it X . Its automorphism
group is isomorphic to the semidirect product Z41 o Z8 and has two blocks of imprimitivity
of size 41 coinciding with the two orbits of a (2, 41)-semiregular automorphism. Consequently,
both X and its complement are not edge-transitive. The graph X corresponds to row 6 in Table 1.
A hunt for possible further examples of vertex-transitive strongly regular 41-bicirculants
would necessarily have to entail a thorough search within the class of graphs having |HT | = 4.
However, as no feasible strategy for reducing the number of cases to a manageable degree is
likely to exist, computer search seems the only option to pursue. The following results have
been obtained using MAGMA [6]. First, the above graph X is, up to isomorphism and taking
complements, the only vertex-transitive strongly regular 41-bicirculant. And second, as opposed
to the case for the strongly regular 41-bicirculant with the symbol of row 5 from Table 1, there
is no (41, 5, 1)-difference family with two base blocks (and since X is a bicirculant, no Steiner
system S(2, 5, 41)) giving rise to X .
The uniqueness of the above nontrivial vertex-transitive strongly regular 41-bicirculant (case
m = 4 in Proposition 2.1) and a considerable symmetry of its symbol may suggest that a possible
nontrivial vertex-transitive strongly regular 61-bicirculant (case m = 5 in Proposition 2.1) could
be obtained in a similar fashion. In view of Theorem 2.4, as |Z∗61| = 60 = 22 · 3 · 5 and |S| = 30,|T | = 25 (note that 0 ∈ T ), we only need to consider the cases |HT | = 4, 12. In both cases we
can obtain T # as a union of six cosets of the group H = {±1,±9} = 〈9〉. On the basis of the
fruitful approach for 41-bicirculants described above, we choose to consider those candidates
for S which contain precisely half of each coset of H (so as to have both S and Ŝ as evenly
distributed among T and T̂ as possible). This gives a total of 214 ·
(
14
5
)
cases to be checked,
which clearly cannot be done by hand. Using MAGMA, the sets
S = {±1,±2,±4,±6,±7,±8,±10,±13,±18,±19,±20,±23,±25,±28,±29},
T = {0,±1,±2,±4,±10,±11,±12,±15,±17,±18,±19,±22,±26}
were found to give rise to a nontrivial vertex-transitive strongly regular 61-bicirculant. Since the
number of cases to be checked in order to find all possible nontrivial vertex-transitive strongly
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regular 61-bicirculants is too big, we do not know whether the above 61-bicirculant is the only
such graph.
Further, since the strongly regular 41-bicirculant which is not vertex-transitive has symbol
[S, Ŝ, T ] for which 5 = |HS ∩ HT | is an odd divisor of 40 = |Z∗41|, we also performed a
MAGMA search for strongly regular 61-bicirculants for whichHS ∩HT has order divisible by 3
or 5, and found that no such graph exists.
Finally, we have seen that a nontrivial strongly regular n-bicirculant, n odd, exists for
m = 1, 2, 4 and 5, where 2n = 4m2 + 4m + 2. There seemed to be no answer for the case
m = 3. (Of course in this case n = 25 is not a prime.) To resolve this question an extensive
search using MAGMA was undertaken, revealing that a nontrivial strongly regular 25-bicirculant
does exist and is unique up to isomorphism and taking complements. Moreover, this graph is
vertex-transitive and has a symbol of the form [S, Ŝ, T ], where
S = {±1,±2,±4,±6,±9,±10},
T = {0,±1,±2,±7,±11}.
Using Proposition 2.2 one can easily show that a graph with the above symbol is indeed a
strongly regular 25-bicirculant.
To summarize, seven complementary pairs of nontrivial strongly regular n-bicirculants are
known thus far. In Table 1 we give an explicit description of each complementary pair in terms
of a corresponding symbol of the graph with smaller valency.
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